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We establish the strong law of large numbers (SLLN) for an integrated squared Ornstein-

Uhlenbeck type process with time-varying coefficients and asymptotically unbounded diffusion
matrix. The result is applied to study an extention of the ergodic control to linear stochastic
systems with increasing perturbations.
We start with the basic definition of the SLLN for a pair of stochastic processes (see [3]).
Definition 1. Let {𝑌𝑡}∞𝑡=0 and {𝐿𝑡}∞𝑡=0 with 𝐿0 = 0 be a semimartingale and a predictable
increasing process defined on a stochastic basis {Ω,ℱ , (𝐹𝑡)𝑡≥0,P}. We say that the pair (𝑌𝑡, 𝐿𝑡)
satisfies the SLLN if 𝑃 ( lim

𝑡→∞
{𝑌𝑡/𝐿𝑡} = 0) = 1.

Consider an 𝑛-dimensional stochastic process 𝑋𝑡, 𝑡 ≥ 0, given by

𝑑𝑋𝑡 = 𝐴𝑡𝑋𝑡 𝑑𝑡 + 𝐺𝑡 𝑑𝑤𝑡 , 𝑋0 = 𝑥 , (1)

where 𝐴𝑡 ∈ 𝑅𝑛×𝑛, 𝐺𝑡 ∈ 𝑅𝑛×𝑑 are non-random matrix functions, 𝐴𝑡 is bounded but ‖𝐺𝑡‖ → ∞,
𝑡 → ∞; 𝑤𝑡, 𝑡 ≥ 0, is a d-dimensional standard Wiener process; 𝑥 is a non-random vector.
First let us make the following assumption.
Assumption 𝒜. The matrix 𝐴𝑡 is exponentially stable, i.e. there exist positive constants
𝜅1, 𝜅2 such that ‖Φ(𝑡, 𝑠)‖ ≤ 𝜅1𝑒

−𝜅2(𝑡−𝑠) , for all 𝑠 ≤ 𝑡 , where Φ(𝑡, 𝑠) is the fundamental matrix
corresponding to 𝐴𝑡, ‖ · ‖ denotes the Euclidean matrix norm.
Note that under the Assumption 𝒜 and with ‖𝐺𝑡‖ → ∞ as 𝑡 → ∞, (1) can be used in the
modeling of anomalous diffusion processes [4]. The conditions imposed on 𝐺𝑡 are given below.
Assumption 𝒢. The diffusion matrix 𝐺𝑡 is such that
a) ‖𝐺𝑡‖ is increasing, ‖𝐺𝑡‖ → ∞, 𝑡 → ∞;
b) ln ‖𝐺𝑡‖ is strictly concave;

c) lim
𝑡→∞

(‖𝐺𝑡‖2 ln 𝑡/
𝑡∫︀
0

‖𝐺𝑠‖2 𝑑𝑠) = 0.

The main result is established in the next Theorem.

Theorem 1. Let 𝐿𝑡 =
𝑡∫︀
0

‖𝐺𝑠‖2 𝑑𝑠, 𝑌𝑡 =
𝑡∫︀
0

(‖𝑋𝑠‖2 − 𝐸‖𝑋𝑠‖2) 𝑑𝑠, where 𝑋𝑡 is a solution to

(1). Assuming 𝒜 and 𝒢, the pair (𝑌𝑡, 𝐿𝑡) satisfies the SLLN.

Remark. Take 𝐿𝑡 defined in Theorem 1. Under 𝒜 and a),c) from 𝒢, the SSLN holds for

(𝑌𝑡, 𝐿𝑡) with 𝑌𝑡 = ‖𝑋𝑡‖2. If𝒜 and 𝒢 b) are satisfied, then we have the SSLN for 𝑌𝑡 =
𝑡∫︀
0

𝑋 ′
𝑠𝐺𝑠𝑑𝑤𝑠,

where ′ denotes the transpose.

Next we turn to the study of a pathwise optimal control problem for linear stochastic
systems. The controlled stochastic process 𝑍𝑡, 𝑡 ≥ 0, is governed by

𝑑𝑍𝑡 = 𝐶𝑡𝑋𝑡𝑑𝑡 + 𝐵𝑡𝑈𝑡𝑑𝑡 + 𝐺𝑡𝑑𝑤𝑡 , 𝑍0 = 𝑧, (2)

where 𝐶𝑡, 𝐵𝑡 are bounded, 𝐺𝑡 satisfies 𝒢; 𝑈𝑡, 𝑡 ≥ 0, is an admissible control, i.e. an ℱ𝑡 =
𝜎{𝑤𝑠, 𝑠 ≤ 𝑡}–adapted 𝑘-dimensional process such that there exists a solution to (2). Let us
denote by 𝒰 the set of admissible controls. The cost functional over the planning horizon [0, 𝑇 ]
is given by
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𝐽𝑇 (𝑈) =

∫︁ 𝑇

0

[𝑍 ′
𝑡𝑄𝑡𝑍𝑡 + 𝑈 ′

𝑡𝑅𝑡𝑈𝑡] 𝑑𝑡, (3)

where 𝑈 ∈ 𝒰 ; 𝑄𝑡, 𝑅𝑡 are symmetric matrix functions, 𝑄𝑡 is positive semidefinite and 𝑅𝑡 is
positive definite.
Definition 2. A control 𝑈* ∈ 𝒰 is called pathwise optimal over an infinite time horizon if it is
a solution to

lim sup
𝑇→∞

𝐽𝑇 (𝑈)
𝑇∫︀
0

‖𝐺𝑡‖2 𝑑𝑡
→ inf

𝑈∈𝒰
almost surely . (4)

If we took 𝐺𝑡 = 𝐺, the criterion in (4) would be equal to the pathwise ergodic (pathwise
average), see [2], so our problem extends the notion of ergodic control to linear stochastic
systems with unbounded perturbation parameters.
We will use the conditions given in [1] (see Assumptions 1, 2 there) that, as can be proved,
guarantee the existence of the optimal control 𝑈*. Assumption 1 from [1] states that there
exists the bounded absolute continuous function Π𝑡, 𝑡 ≥ 0 with values in the set of symmetric
positive semidefinite matrices, which satisfies the Riccati equation

Π̇𝑡 + Π𝑡𝐶𝑡 + 𝐶 ′
𝑡Π𝑡 − Π𝑡𝐵𝑡𝑅

−1
𝑡 𝐵′

𝑡Π𝑡 + 𝑄𝑡 = 0 , (5)

and the matrix 𝐶𝑡 −𝐵𝑡𝑅
−1
𝑡 𝐵′

𝑡 is exponentially stable. Assuming 1, 2 from [1], define the
feedback control law by

𝑈*
𝑡 = −𝑅−1

𝑡 𝐵′
𝑡Π𝑡𝑍

*
𝑡 , (6)

where the process 𝑍*
𝑡 , 𝑡 ≥ 0, is given by

𝑑𝑍*
𝑡 = (𝐶𝑡 −𝐵𝑡𝑅

−1
𝑡 𝐵′

𝑡Π𝑡)𝑍
*
𝑡 𝑑𝑡 + 𝐺𝑑𝑤𝑡 , 𝑍

*
0 = 𝑧. (7)

We proved the following result.

Theorem 2. Suppose the Assumptions 𝒢 and 1, 2 from [1] hold. If

lim
𝑡→∞

(‖𝐺𝑡‖2 ln2 ln ‖𝐺𝑡‖)/
𝑡∫︀
0

‖𝐺𝑠‖2 𝑑𝑠) = 0, then

a) the control 𝑈* defined by (6)–(7) is pathwise optimal over an infinite time horizon

b) lim sup
𝑇→∞

𝐽𝑇 (𝑈*)
𝑇∫︀
0

‖𝐺𝑡‖2 𝑑𝑡
= lim sup

𝑇→∞

𝐸𝐽𝑇 (𝑈*)
𝑇∫︀
0

‖𝐺𝑡‖2 𝑑𝑡
is finite.
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